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Abstract
In this paper we investigate the effect of repulsive pair interactions on Bose–
Einstein condensation in a well-established random one-dimensional system known
as the Luttinger–Sy model at positive temperature. We study separately hard core
interactions as well as a class of more general repulsive interactions, also allowing for
a scaling of certain interaction parameters in the thermodynamic limit. As a main
result, we prove in both cases that for sufficiently strong interactions all eigenstates of
the non-interacting one-particle Luttinger–Sy Hamiltonian as well as any sufficiently
localized one-particle state are P-almost surely not macroscopically occupied.
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1 Introduction
Bose–Einstein condensation (BEC) refers to a quantum phenomenon in bosonic many-
particle systems that occurs at low temperature or high particle density. Originally, this
new phenomenon was predicted by Einstein to occur in a non-interacting Bose gas in
three dimensions [Ein24, Ein25]. The key feature of (conventional) BEC is the so-called
macroscopic occupation of a one-particle state, which means that the number of particles
occupying the same one-particle state grows proportional to the volume of the system. In a
non-interacting Bose gas, the one-particle states that might be macroscopically occupied are
simply the eigenstates of the underlying one-particle Hamiltonian. In an interacting many-
particle system, the situation is much more complex since one has to study the eigenstates
of the reduced one-particle density matrix which is generally hard to construct [PO56].
Consequently, it is not surprising that the first rigorous proof of BEC in an interacting
system was established not long ago [LS02, LSSY05]. Also, the study of BEC in interacting
systems is still a very active area in mathematical physics, see [DSY19, DS20, ABS20] and
references therein.
It is well-known that BEC in one dimension differs significantly from BEC in three
and higher dimensions. For example, the non-interacting one-dimensional Bose gas (with
standard boundary conditions) exhibits no BEC [Ver11]. However, as realized by Luttinger
and Sy some fifty years ago [LS73], BEC is recovered in the presence of a random external
potential, see also [KL73, KL74]. Loosely speaking, in the Luttinger–Sy model (LS model)
the random external potential consists of a sum of Dirac-δ potentials of infinite interaction
strength situated at random points distributed along R. Consequently, the real line is
almost surely dissected into a countable number of intervals of random lengths on which the
one-particle Hamiltonian simply acts as the Dirichlet Laplacian. It is interesting to remark
that the LS model, despite the singular nature of the external potential, is considered to be
a good approximation of more realistic random external potentials [KV14, p. 11], [LZ07,
p. 8] and thus plays an important role in the study of BEC in a random environment
[LS73, LPZ04, LZ07, SYZ12, KPS19b]. On a rigorous level, BEC in the non-interacting LS
model was first proved in [LZ07].
In this paper, we study existence of BEC in a system of interacting particles in R and
with a (singular) random external potential generated through a Poisson point process
in the canonical ensemble at positive temperature in the thermodynamic limit. In other
words, without interparticle interactions, the underlying model we consider is simply the
LS model. Generalizing the ideas and methods developed in [Sme86, AP87, BK16], it is
our aim to investigate if the ground state of the non-interacting one-particle Luttinger–Sy
Hamiltonian (or its other eigenstates for that matter) can be macroscopically occupied
after one introduces repulsive pair interactions. Intuitively, one indeed expects that the
introduction of repulsive interactions lowers the density of particles occupying a given
state [LVZ03]. However, as we will see, the surprising observation is that an introduction
of a sufficiently strong (which nevertheless might be arbitrarily small in L1 norm) repulsive
pair interaction between the particles prohibits a macroscopic occupation of these one-
particle eigenstates (and, more general, of any sufficiently localized one-particle state) in
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the LS model. In other words, up to the fact that we will work in the canonical rather
than in the grand canonical ensemble, we prove that the BEC that is present in the non-
interacting LS model is destroyed through the introduction of sufficiently strong repulsive
pair interactions.
The paper is organized as follows: In Section 2 we introduce the non-interacting LS
model and collect results which are important in the sequel. In Section 3 and 4 we consider
hard core pair interactions and a more general class of repulsive pair interactions, respec-
tively, and prove in either case that almost surely no eigenstate of the non-interacting
one-particle Luttinger–Sy Hamiltonian is macroscopically occupied at positive tempera-
tures. In addition, we mention an extension of the results to arbitrary one-particle states
that are sufficiently localized. Finally, we refer to the appendix, Section A, for an auxiliary
result.
2 The non-interacting LS model
In this section we introduce the non-interacting Luttinger–Sy model (LS model) and also
state some of its main properties that we use in the following sections. Since the LS model
is a random model, there is an underlying probability space which we shall denote by
pΩ,A,Pq.
Let ΛN “ p´LN{2,`LN{2q Ă R be an interval on which we place N (bosonic) particles.
Working in the canonical ensemble at finite inverse temperature β P p0,8q, we require that
N
LN
“: ρ (2.1)
holds for all values N P N. Here, ρ ą 0 denotes the particle density. The thermodynamic
limit is then obtained as the limit N Ñ 8.
In the non-interacting LS model, the N -particle Hamiltonian is informally given by
H0Npωq : “
Nÿ
j“1
ˆ
´
B2
Bx2j
` V pω, xjq
˙
(2.2)
where V pω, ¨q is a singular random external potential defined as
V pω, xq :“ γ
ÿ
jPZ
δpx´ xωj q with γ “ 8 . (2.3)
Here, δp¨q is the Dirac-δ distribution. Furthermore, pxωj qjPZ is a random sequence of points
generated by the Poisson point process on R with intensity ν ą 0. This means that the
probability of finding n such points in a Borel set A Ă R with measure |A| is given by
ν|A|n
n!
e´ν|A|. In addition, the probability of finding n such points in the set A andm points in
the Borel set B Ă R with AXB “ H is given by the corresponding product of probabilities.
P-almost surely, the random points can be written as
... ă xω´1 ă x
ω
0 ă 0 ă x
ω
1 ă ...
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and accordingly the real line is almost surely dissected into a countable number of intervals
tpxωj , x
ω
j`1qujPZ. If not stated otherwise, we always choose an ω P Ω with this typical
property in the remainder of the paper. Also, plˆj,ωqjPZzt0u where lˆ
j,ω :“ pxωj , x
ω
j`1q are
independent, identically distributed random variables with common probability density
function νe´νl1p0,8qplq, l P R. Here 1A is the characteristic function of a set A Ă R.
For more details regarding the Poisson point process on R, we refer the reader to [Kin93,
Chapter 4]. Lastly, we note that the informal choice γ “ 8 in (2.3) means that one imposes
Dirichlet boundary conditions at each xωj , j P Z.
Since for every N P N all N bosons are confined to the interval ΛN , we introduce the
subintervals
I
j,ω
N :“ px
ω
j , x
ω
j`1q X ΛN
as well as the (random) lengths
l
j,ω
N :“ |I
j,ω
N | “ |px
ω
j , x
ω
j`1q X ΛN |
and set l
p1q,ω
N,ą :“ maxjPZtl
j,ω
N u. Regarding the largest length l
p1q,ω
N,ą one has the following
important statement; see, e.g., [SYZ12, Theorem B.2] and [Pec19, Theorem 5.1.6].
Lemma 2.1. Let ν ą 0 be the intensity of the underlying Poisson point process. Then, for
all α ą 4, all 0 ă ε ă 1, and P-almost all ω P Ω there exists an N0 P N such that for all
N ą N0,
ν´1 rlnpLN q ´ p1` εq lnplnpLN qqs ď l
p1q,ω
N,ą ď αν
´1 lnpLNq . (2.4)
From the construction above we see that the underlying one-particle Hamiltonian in the
LS model is rigorously defined as a direct sum of Dirichlet Laplacians over all subintervals
I
j,ω
N with lengths l
j,ω
N ą 0. On an informal level, the non-interacting one-particle Luttinger–
Sy Hamiltonian (LS Hamiltonian) is given by H01 pωq defined on L
2pΛNq. As a consequence,
the spectrum of this self-adjoint operator is purely discrete and the spectrum is the union
of all eigenvalues
π2n2
plj,ωN q
2
(2.5)
with n P N and j P Z for which lj,ωN ą 0. The ground state energy hence corresponds to
the first Dirichlet eigenvalue on the interval with length l
p1q,ω
N,ą and it shall be denoted by
ǫ
0,ω
N . Also, writing the eigenvalues in increasing order we write ǫ
k,ω
N for the k-th eigenvalue,
k P N0. The associated eigenstates shall be denoted by ϕ
k,ω
N P L
2pΛNq, k P N0. We remark
that each eigenstate ϕk,ωN P L
2pΛNq has support on one subinterval I
j,ω
N only.
3 The case of hard core interactions
In this section we generalize the methods that were developed in [AP87] to our random
one-dimensional setting. More explicitly, to the LS-model we add hard core repulsive pair
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interactions between the particles and investigate their effect on a macroscopic occupation
of the one-particle eigenstates ϕk,ωN P L
2pΛNq.
Introducing pair interactions between the particles, theN -particle Hamiltonian (N ě 2)
reads as
HNpωq : “ H
0
Npωq `
ÿ
1ďiăjďN
UN pxi ´ xjq (3.1)
where UN : R Ñ r0,8s is a sequence of functions describing the interaction between two
particles. Since we consider hard core pair interactions (imagining each particle as a hard
one-dimensional “sphere”) in this section, we define
UN pxq :“
#
8 for |x| ď aN ,
0 else ,
(3.2)
for some aN ą 0 which describes the radius of the “sphere”. We assume that the sequence
paNqNPN is bounded from above but it is allowed to converge to zero at a certain rate as
specified below.
The Hamiltonian (3.1) with hard core interaction potential (3.2) is rigorously defined as
suitable Dirichlet Laplacian. Indeed, the (random) N -particle configuration space is given
by
ΛωN,LN :“
#
y P ΛNNz
8ď
j“1
W pxωj q : |yj ´ yi| ą aN , i ‰ j, i, j “ 1, ..., N
+
, (3.3)
where y “ py1, y2, ..., yNq
T P RN and
W pxωj q :“
 
y P RN : Di P p1, 2, ..., Nq such that yi “ x
ω
j
(
is a hyperplane associated with the j-th random point xωj P R. As a consequence, the
Hamiltonian (3.1) is rigorously defined as a Dirichlet Laplacian on L2sympΛ
ω
N,LN
q, the sub-
script indicating that we work on the fully symmetric subspace of L2pΛωN,LN q (recall that
we are dealing with bosons). We note that this operator, being a Dirichlet Laplacian on a
bounded domain, has compact resolvent and hence purely discrete spectrum only.
By construction, it is clear that the particle density ρ cannot — in the case of hard
core interactions — attain any real value since each particle occupies a space of “volume”
2aN ą 0. In other words, we may introduce the critical particle density
ρcrit :“
1
2}aN}8
(3.4)
and restrict attention to values ρ ă ρcrit in the rest of this section.
Since we study BEC in the canonical ensemble at inverse temperature β P p0,8q, the
N -particle state of system (meaning the density matrix) is given by
̺
β,ω
N “
e´βHN pωq
Trpe´βHN pωqq
,
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where Trp¨q refers to the trace of a (trace-class) operator on the Hilbert space L2sympΛ
ω
N,LN
q.
Let ̺β,ωN p¨, ¨q denote the kernel of ̺
β,ω
N . In order to calculate the density of particles in a given
one-particle state one makes use of the so-called reduced one-particle density matrix which
acts as a trace-class operator on the underlying one-particle Hilbert space L2pΛNq [Mic07].
The kernel of the corresponding reduced one-particle density matrix is then obtained as
̺
β,p1q,ω
N px, yq “ N
ż
dz1...
ż
dzN´1 ̺
β,ω
N px, z1, ..., zN´1, y, z1, ..., zN´1q (3.5)
with x, y P ΛNzpx
ω
j qjPZ. Consequently, the average particle density in a one-particle state
ϕ P L2pΛNq can be calculated as
ρ
β,ω
N pϕq :“
1
LN
ż
ΛN
dx
ż
ΛN
dy ϕpxq̺
β,p1q,ω
N px, yqϕpyq , (3.6)
see [AP87, Mic07]. This leads to the following definition.
Definition 3.1. Let pϕNqNPN, ϕN P L
2pΛNq for all N P N, be a sequence of normalized
one-particle states. We call pϕNqNPN P-almost surely macroscopically occupied at inverse
temperature β P p0,8q iff
lim sup
NÑ8
ρ
β,ω
N pϕNq ą 0 (3.7)
holds for P-almost all ω P Ω.
Now, following [AP87] we decompose R into a countable number of intervals. Namely,
for n P Z we introduce
Λ
pnq
N :“ tx P R : aNn ď x ď aN pn` 1qu .
Since every particle is modeled as a hard “sphere” of radius aN ą 0, at most one particle
can occupy the box Λ
pnq
N .
Lemma 3.2 ([AP87], Lemma 2). For any N P N, let ϕ P L2pΛNq be a normalized one-
particle state extended by zero to all of R. Then, P-almost surely and for all β P p0,8q
one has
ρ
β,ω
N pϕq ď
1
LN
¨˝ÿ
nPZ
˜ż
Λ
pnq
N
|ϕpxq|2 dx
¸1{2‚˛2 . (3.8)
Using Lemma 2.1 we can now prove a first main result, i.e., we prove that P-almost
surely none of the eigenstates of the non-interacting one-particle LS Hamiltonian are macro-
scopically occupied in the presence of sufficiently extended hard core interactions.
Theorem 3.3. For arbitrary k P N0, let ϕ
k,ω
N P L
2pΛNq denote the normalized k-th eigen-
state of the one-particle LS Hamiltonian defined on L2pΛNq. Then, for all β P p0,8q and
assuming that the sequence of radii paNqNPN is such that
ln2pNq
a2NN
ÝÑ 0 , as N Ñ8 ,
6
one has
lim
NÑ8
ρ
β,ω
N pϕ
k,ω
N q “ 0 (3.9)
for P-almost all ω P Ω. In other words, the sequence pϕk,ωN qNPN is P-almost surely not
macroscopically occupied.
Proof. Recall from Section 2 that any eigenstate ϕk,ωN has support on exactly one subinterval
I
j,ω
N . With Lemma 3.2 and Lemma 2.1 we obtain
ρ
β,ω
N pϕ
k,ω
N q ď
1
LN
¨˝ÿ
nPZ
˜ż
Λ
pnq
N
|ϕk,ωN pxq|
2 dx
¸1{2‚˛2
ď
1
LN
¨˝ ÿ
nPZ:supppϕk,ω
N
qXΛ
pnq
N
‰H
1‚˛2
ď
α2ν´2 ln2pLN q
a2NLN
for N large enough and with some α ą 4. The statement now follows readily.
Remark 3.4. Under the assumptions of Theorem 3.3 the following holds: From the proof
of Theorem 3.3 one concludes that any sequence of normalized one-particle states pϕNqNPN,
ϕN P L
2pΛNq for each N P N, cannot be macroscopically occupied given that
limNÑ8 S
2
N{N “ 0 holds where SN denotes the number of boxes Λ
pnq
N on which ϕN is
supported.
Alternatively, a sequence of normalized one-particle states pϕNqNPN, ϕN P L
2pΛNq for
each N P N, is not macroscopically occupied if there exists a sequence pxN qNPR Ă R such
that
|ϕNpxq| ď
C
|x´ xN |1`ε
holds for some constants 0 ă ε ď 1{2, C ą 0 (independent of N), all N P N and almost
all x P R with |x´ xN | ą R and R independent of N .
4 The case of general repulsive interactions
This section is based on the methods developed first in [Sme86] and generalized later in
[BK16]. Although strictly speaking not necessary, it is convenient to utilize methods of
second quantization in this section, see e.g. [MR04] for an introduction.
In contrast to the previous section we allow for more general and less repulsive pair
interactions in the sequel. Namely, in (3.1) we now allow for a sequence of potentials
UNp¨q P pL
8XL1qpRq, 0 ď UN pxq ă 8, }UN}L1pRq uniformly bounded from above, and that
fulfills the following property: For all N P N,
DAN , bN ą 0 : @x P r´AN ,`ANs one has UN pxq ě bN . (4.1)
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The condition (4.1) can be interpreted as a weak version of the hard core interactions
considered in the previous section which correspond to the informal choice AN :“ aN
and bN :“ 8. As will become clear later, the sequence pANqNPN shall be bounded from
above but it will be allowed to converge to zero at some specified rate. As for the sequence
pbN qNPN we will allow for two different cases, one in which this sequence converges to zero
and one in which it is bounded away from zero.
The N -particle Hilbert space is given as L2symprΛωN,LN q with
rΛωN,LN :“
#
y P ΛNNz
ď
jPZ
W pxωj q
+
(4.2)
and W pxωj q as defined below (3.3). For a suitable N -particle operator ON on the Hilbert
space L2symprΛωN,LN q, its expectation value in the canonical ensemble is given by
xONy̺β,ω
N
:“ TrpON̺
β,ω
N q . (4.3)
In a first step we now prove that the energy density in the interacting system remains
bounded in the thermodynamic limit.
Lemma 4.1. Consider the N-particle Hamiltonian (3.1) on the Hilbert space L2symprΛωN,LN q
with an interaction potential UN as defined above. Then, for all β P p0,8q and P-almost
surely one has
lim sup
NÑ8
xHNpωqy̺β,ω
N
LN
ă 8 .
Proof. Let β P p0,8q and N P N (and a typical ω P Ω from a set of full measure) be given.
Note that
xHNpωqy̺β,ω
N
“ ´
ˆ
d
dβ˜
ZNpβ˜q
˙
β˜“β
where
ZN : p0,8q Ñ R, β˜ ÞÑ ZNpβ˜q :“ lnpTrpe
´β˜HN pωqqq .
Since ZN is a convex function,
xHNpωqy̺β,ω
N
ď
ZNpβ{2q ´ZNpβq
β{2
.
On the one hand, with pEjNqjPN0 being the eigenvalues of the Dirichlet Laplacian on Λ
N
N ,
arranged in increasing order and repeated according to their multiplicity, we have
ZNpβ{2q ď ln
˜ÿ
jPN0
e´pβ{2qE
j
N
¸
where the right hand side, after dividing by LN , converges to a constant C1pβ{2q ą 0 in
the limit N Ñ8, see, e.g., [Rue99, Theorem 3.5.8].
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To give a lower bound, we define the trial function
ΨωNpx1, . . . , xN q :“ ψ
ω
N px1q . . . ψ
ω
N pxNq
where ψωN pxq “
ř
jPZ ξ
j,ω
N pxq1lj,ω
N
ě3pxq. Here, for all j P Z such that l
j,ω
N ě 3, we define a
function ξj,ωN : I
j,ω
N Ñ R on the associated subinterval I
j,ω
N as
x ÞÑ ξj,ωN pxq :“
$’’’’’’’&’’’’’’’’%
e´px´x
ω
j q
´1
e´px´x
ω
j
q´1 ` e´px´x
ω
j
´1q´1
if x P pxωj , x
ω
j ` 1q ,
1 if x P rxωj ` 1, xˆ
j`1,ω ´ 1s ,
e´px´xˆ
j`1,ωq´1
e´px´xˆj`1,ωq´1 ` e´px´xˆj`1,ω`1q´1
if x P pxˆj`1,ω ´ 1, xˆj`1,ωq .
Note that }ΨωN}
´1
2 Ψ
ω
N P DpHNpωqq, where DpHNpωqq is the domain of the self-adjoint
operator HNpωq. We obtain
ZNpβq ě ln
´
e´β}Ψ
ω
N
}´2
2
xΨω
N
,HN pωqΨ
ω
N
y
¯
“ ´β}ΨωN}
´2
2 xΨ
ω
N , HNpωqΨ
ω
Ny
due to the convexity of the exponential function and the Jensen’s inequality, see also [LS10,
Lemma 14.1 and Remark 14.2], as well as the monotonicity of the natural logarithm.
Employing Lemma A.1 and the fact that }ψωN}
2
2 ě #tj P Z : l
j,ω
N ě 3u (here, #A
denotes the number of elements in a set A Ă N0), we obtain
}ΨωN}
´2
2 xΨ
ω
N , HNpωqΨ
ω
Ny
“ N}ψωN}
´2
2
ż
ΛN
|pψωN q
1pxq|2 dx
`
NpN ´ 1q
2
}ψωN}
´4
2
ż
ΛN
ż
ΛN
UNpx´ yq|ψ
ω
Npxq|
2|ψωNpyq|
2 dx dy
ď Npconst.q `
NpN ´ 1q
2
1
p#tj P Z : lj,ωN ě 3uq
2
LN}UN}L1pRq
ď NC2
for a constant C2 ą 0 independent of N .
Thus, in summary we get
lim sup
NÑ8
xHNpωqy̺β,ω
N
N
ď
2
β
ˆ
C1
ˆ
β
2
˙
` βC2
˙
ă 8 .
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Remark 4.2. It is interesting to remark that questions related to the convergence of the
energy density in the interacting LS model where recently studied in [Ven13, KV14].
In order to prove the main theorem of this section, we employ methods from second
quantization. For a given one-particle state ϕ P L2pΛNq, we write a
˚pϕq for the correspond-
ing creation and apϕq for the corresponding annihilation operator. As usual, they can be
expressed in terms of the distribution valued operators a˚pxq and apxq which fulfill the
CCR
rapxq, a˚pyqs “ δpx´ yq ,
rapxq, apyqs “ ra˚pxq, a˚pyqs “ 0 ,
(4.4)
where x, y P ΛNztx
ω
j : j P Zu. One has
a˚pϕq “
ż `LN {2
´LN {2
ϕpxqa˚pxq dx
as well as
apϕq “
ż `LN {2
´LN {2
ϕpxqapxq dx .
To a given state ϕ P L2pΛNq one associates the number operator a
˚pϕqapϕq.
Remark 4.3. We note that Definition 3.1 is translated to the present setting as follows:
Let ϕN P L
2pΛNq be a normalized one-particle state for all N P N. We say that pϕNqNPN
is P-almost surely macroscopically occupied at inverse temperature β P p0,8q iff
lim sup
NÑ8
xa˚pϕNqapϕNqy̺β,ω
N
LN
ą 0 (4.5)
holds for P-almost all ω P Ω.
We are now in position to prove the main result of this section, namely, that P-almost
surely all eigenstates of the LS Hamiltonian on L2pΛNq are not macroscopically occupied
given the two-particle interactions are sufficiently strong.
Theorem 4.4. For arbitrary k P N0, let ϕ
k,ω
N P L
2pΛNq denote the normalized k-th eigen-
state of the one-particle LS Hamiltonian defined on L2pΛNq for all N P N. Then, for all
β P p0,8q, assuming that either the bounded sequence pANqNPN is such that
A3NN
ln3pNq
ÝÑ 8 , as N ÝÑ 8 ,
and pbN qNPN is bounded away from zero, or that pbN qNPN converges to zero and
bNA
3
NN
ln3pNq
ÝÑ 8 , as N ÝÑ 8 ,
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we have that pϕk,ωN qNPN is P-almost surely not macroscopically occupied, i.e.,
lim sup
NÑ8
xa˚pϕk,ωN qapϕ
k,ω
N y̺β,ω
N
LN
“ 0 (4.6)
for P-almost all ω P Ω.
Proof. We prove the statement for the one-particle ground state ϕ0,ωN only, the generaliza-
tion to all other eigenstates being obvious. The proof follows from a suitable adaptation of
the proof of Proposition 1 in [Sme86]. The basic idea is to show that, under the assumptions
of Theorem 4.4 and given that there was a set rΩ Ă Ω with PprΩq ą 0 such that pϕ0,ωN qNPN
is macroscopically occupied for all ω P rΩ, then for all ω P rΩ the energy density would go
to infinity along a subsequence, in contradiction with Lemma 4.1.
Hence, suppose there is a set rΩ Ă Ω with PprΩq ą 0 and such that pϕ0,ωN qNPN is macro-
scopically occupied for all ω P rΩ. Let ω P rΩ be given, and let z0,ωN P ΛN denote the starting
point of the subinterval on which the ground state is supported. We start with the basic
estimate
xHNpωqy̺β,ω
N
LN
ě ǫ0,ωN
N
LN
`
1
2LN
ż `LN {2
´LN {2
dx
ż `LN {2
´LN {2
dy Upx ´ yqxa˚pxqa˚pyqapxqapyqy
̺
β,ω
N
ě ǫ0,ωN
N
LN
`
bN
2LN
rl
p1q,ω
N,ą {AN sÿ
j“1
ż mintz0,ω
N
`jAN ,LN {2u
z
0,ω
N
`pj´1qAN
dx
ż mintz0,ω
N
`jAN ,LN {2u
z
0,ω
N
`pj´1qAN
dy xa˚pxqa˚pyqapxqapyqy
̺
β,ω
N
.
Since one has ǫ0,ωN “ π
2{pl
p1q,ω
N,ą q
2, the first term converges to zero by Lemma 2.1. The rest
of the proof then consists in finding a suitable lower bound for the term
bN
2LN
rl
p1q,ω
N,ą {AN sÿ
j“1
ż mintz0,ω
N
`jAN ,LN {2u
z
0,ω
N
`pj´1qAN
dx
ż mintz0,ω
N
`jAN ,LN {2u
z
0,ω
N
`pj´1qAN
dy xa˚pxqa˚pyqapxqapyqy
̺
β,ω
N
:“
bN
2LN
rl
p1q,ω
N,ą {AN sÿ
j“1
B
pjq
N .
For j “ 1, ..., rl
p1q,ω
N,ą {AN s we set ϕ
0,ω,pjq
N :“ ϕ
0,ω
N 1pz0,ω
N
`pj´1qAN ,z
0,ω
N
`jAN q
.
Using exactly the same estimates as in eqs. (14)-(16b) in [Sme86] we obtain
rl
p1q,ω
N,ą {AN sÿ
i,j“1
´
xa˚pϕ
0,ω,piq
N qapϕ
0,ω,pjq
N qy̺β,ω
N
¯4
ď
¨˚
˝rl
p1q,ω
N,ą {AN sÿ
j“1
B
pjq
N ` ρLN
‹˛‚
2
.
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Then, applying the standard estimate |
řn
i“1 xj |
2
ď n
řn
i“1 |xi|
2 one concludes
1
rl
p1q,ω
N,ą {AN s
6
¨˚
˝rl
p1q,ω
N,ą {AN sÿ
i,j“1
xa˚pϕ
0,ω,piq
N qapϕ
0,ω,pjq
N qy̺β,ω
N
‹˛‚
4
“
1
rl
p1q,ω
N,ą {AN s
6
´
xa˚pϕ0,ωN qapϕ
0,ω
N qy̺β,ω
N
¯4
ď
¨˚
˝rl
p1q,ω
N,ą {AN sÿ
j“1
B
pjq
N ` ρLN
‹˛‚
2
.
This yields, employing Lemma 2.1,
bN
2LN
rl
p1q,ω
N,ą {AN sÿ
j“1
B
pjq
N ě
bN
2LN rl
p1q,ω
N,ą {AN s
3
xa˚pϕ0,ωN qapϕ
0,ω
N qy
2
̺
β,ω
N
´
bNρ
2
ě bN
¨˝
ν3A3NN
16α3ρ ln3pNq
˜
xa˚pϕ0,ωN qapϕ
0,ω
N qy̺β,ω
N
LN
¸2
´
ρ
2
‚˛ .
for all N large enough and some α ą 4. Now, in the first case we have that the sequence
pbN qNPN is bounded away from zero and that the term inside the brackets diverges along a
subsequence. In the second case we multiply bN into the bracket: The second term bNρ{2
then converges to zero whereas the first term diverges, again along a subsequence.
Remark 4.5. From the proof of Theorem 3.4 in [BK16] it follows that Theorem 4.4 also
holds for sequences of normalized one-particle states pϕNqNPN, ϕN P L
2pΛNq for all N P N,
for which there exists a sequence pxNqNPN Ă R such that
|ϕNpxq| ď
C
|x´ xN |1`ε
holds for some constants 0 ă ε ď 1{2, C ą 0 (independent of N), all N P N and almost
all x P R with |x´ xN | ą R and R independent of N .
Remark 4.6. In view of Remark 4.5 it is interesting to refer to the paper [SYZ12] where
BEC into the minimizer of the Gross–Pitaevskii functional is investigated for the LS model
with two-particle interaction of the Lieb–Liniger type at zero temperature. In this paper
the authors mention that, given the strength of the pair interaction is relatively large in
a certain scaling limit, then the minimizer has support on all subintervals Ij,ωN Ă ΛN . In
other words, the Bose–Einstein condensate is delocalized, in agreement with Remark 4.5.
The authors also mention that, in a scaling limit where the strength of the pair inter-
action converges to zero fast enough, the minimizer occupies only a small fraction of all
subintervals Ij,ωN Ă ΛN (the authors refer to the “localization regime”). Comparing this with
Theorem 4.4 we conclude the following: Let pϕNqNPN, ϕN P L
2pΛNq for all N P N, be a
12
sequence of normalized one-particle states such that ϕN is supported only on at most cN
γ
subintervals Ij,ωN Ă ΛN where c ą 0 is some fixed constant and 0 ď γ ă 1. From the proof
of Theorem 4.4 we conclude that pϕNqNPN cannot be macroscopically occupied given that
pbN qNPN is bounded away from zero and that
A3NN
1´3γ
ln3pNq
ÝÑ 8 , as N ÝÑ 8.
Hence, assuming in addition that AN :“ aN
´α for some 0 ă α ď 1{3 and a ą 0, we see that
if pϕNqNPN is macroscopically occupied, then necessarily γ ě 1{3 ´ α. As a consequence,
the sequence states pϕNqNPN cannot be too localized.
Remark 4.7. It is also worth to mention that we may choose a sequence of two-particle
interaction potentials pUN qNPN that approximate a Dirac-δ contact interaction in the ther-
modynamic limit. Note that such an interaction is frequently studien in the context of BEC
in interacting systems [LSSY05, SYZ12, KPS19a].
Indeed, one picks a non-negative function ϕ P L1pRq with
ş
R
ϕpxq dx “ 1 and sets
UNpxq :“
1
ǫN
ϕ
ˆ
x
ǫN
˙
,
where pǫN qNPN is a sequence converging to zero. To be more precise, we may choose
ϕpxq :“
#
1{2 for |x| ď 1 ,
0 else .
Comparing this with (4.1), we identify bN :“ 1{p2ǫN q and AN :“ ǫN . Consequently, in
Theorem 4.4 the first case applies and the one-particle eigenstates of the LS Hamiltonian
are not macroscopically occupied given that
ǫ3NN
ln3pNq
ÝÑ 8 , as N ÝÑ 8 .
In this sense, choosing a sequence pǫNqNPN that converges to zero not too fast, Theorem 4.4
suggests that repulsive two-particle contact interactions of the Lieb-Liniger type also destroy
BEC in the ground state of the Luttinger–Sy model.
A An auxiliary result
In this appendix we present one probabilistic result for the LS model which is used to
establish Lemma 4.1. We refer to Section 2 for the notation used.
Lemma A.1. For P-almost all ω P Ω exists an rN P N such that for all N ě rN ,
#tj P Z : lj,ωN ě 3u ě
ν
4e3νρ
N .
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Proof. For all k P N we define the set Jk :“ t´k,´k ` 1, . . . , k ´ 1, kuzt0u Ď N.
Let
F
ν,ω
2k plq :“
1
2k
ÿ
jPJk
1lˆj,ωăl “
1
2k
#tj P Jk : lˆ
j,ω ă lu
be the empirical distribution function with respect to the independent, identically dis-
tributed random variables tlˆj,ω : j P Zzt0uu with common probability density function
νe´νl1p0,8qplq, l P R.
By the strong law of large numbers, we P-almost surely have limkÑ8 F
ν,ω
2k p3q “ 1´e
´3ν .
Therefore, there exists a set rΩ1 Ă Ω with PprΩ1q “ 1 and the following property: For all
ω P rΩ1 there exists an rK P N such that for all k ě rK,
#tj P Jk : lˆ
j,ω ě 3u ě
1
2e3ν
2k .
On the other hand, there is also a set rΩ2 Ă Ω with PprΩ2q “ 1 and the following property:
For all ω P rΩ2 there exists a rN P N such that for all N ě rN , κp1q,ωN ě rp1{4qνρ´1Ns ` 1
and κ
p2q,ω
N ě rp1{4qνρ
´1Ns ` 1, where κ
p1q,ω
N and κ
p2q,ω
N are the number of the atoms of the
Poisson random measure within p0,`LN{2q and p´LN{2, 0q, respectively.
To conclude, for P-almost all ω P Ω and for all N ě maxt rN, 2ρν´1 rKu one has
#tj P Z : lj,ωN ě 3u ě #tj P JrνN{p4ρqs : lˆ
j,ω ě 3u ě
1
2e3ν
νN
2ρ
.
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